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Abstract
In this paper we consider S-prime graphs, that is the graphs that cannot be represented as nontrivial subgraphs of
nontrivial Cartesian products of graphs. Lamprey and Barnes characterized S-prime graphs via so-called basic S-prime
graphs that form a subclass of all S-prime graphs. However, the structure of basic S-prime graphs was not known very well.
In this paper we prove several characterizations of basic S-prime graphs. In particular, the structural characterization of
basic S-prime graphs of connectivity 2 enables us to present several in6nite families of basic S-prime graphs. Furthermore,
simple S-prime graphs are introduced that form a relatively small subclass of basic S-prime graphs, and it is shown that
every basic S-prime graph can be obtained from a simple S-prime graph by a sequence of certain transformations called
extensions.
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1. Introduction and preliminaries
We consider 6nite, undirected graphs without loops or multiple edges. The Cartesian product G1 G2 of graphs
G1 = (V (G1); E(G1)) and G2 = (V (G2); E(G2)) has a vertex set V (G1) × V (G2), and vertices (u; v); (x; y) are adjacent
whenever u = x and vy∈E(G2); or ux∈E(G1) and v = y. It is one of the four standard graph products. DiAerent
kinds of subgraphs of Cartesian product graphs have been studied by many authors, such as isometric subgraphs and
retracts, cf. [3] and references therein. It has been shown by Graham and Winkler [2] that any graph can be isometrically
embedded in a Cartesian product of graphs, yet in many cases this embedding is trivial, that is, the product consists
of only one factor—the original graph itself. This can happen even if conditions of the embedding are weaker than
isometry, in fact, even in the case when graphs should be embedded purely as subgraphs (e.g. triangle K3 is the smallest
example).
For graphs G;H we shall use a symbol ‘⊆’ to denote a subgraph relation between graphs, namely G ⊆ H means that
G is a subgraph of H (note that subgraph is not necessarily induced). A graph G is called S-prime (with respect to the
Cartesian product) if G ⊆ H K implies G ⊆ H or G ⊆ K . In other words, G cannot be represented as a nontrivial
subgraph of the Cartesian product of two graphs. A graph G is called S-composite if G is not S-prime, i.e. there exist
graphs H; K such that G is a subgraph of H K but is not a subgraph of any of H; K . Note that this implies H and K
must both have at least two vertices. (Let us mention here that Garey and Graham [1] studied an analogous version of
our problem where they focused only on induced subgraphs of Cartesian products of graphs K2.)
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Subgraphs of Cartesian products and S-prime graphs were investigated by Lamprey and Barnes [5,6]. They provided
a characterization of S-prime graphs via so-called basic S-prime graphs. They can be de6ned as S-prime graphs on at
least three vertices which include no S-prime graphs on at least three vertices as proper subgraphs. They proved that
any S-prime graph can be obtained from basic S-prime graphs by two operations, hence basic S-prime graphs serve as
building blocks from which one can construct all S-prime graphs. The natural open problem is thus to 6nd a structural
characterization of basic S-prime graphs, from which the structure of all S-prime graphs would follow. This could be a
hard task since in [5,6] only a few examples of such graphs were presented. Recently, Klav'zar et al. presented an in6nite
family of basic S-prime graphs as one of the main results of [4]. More importantly, they proved a characterization of
S-composite graphs using a certain coloring of vertices.
To present this result, we need some notation. A surjective mapping c :V (G) → {1; 2; : : : ; k} is called a k-coloring of
G. The natural numbers 1; : : : ; k will be called also colors of c, and we can say that u∈V (G) has the color c(u). Let c
be a k-coloring of G and let P be a path of G. Then we say that P is well-colored if for any two consecutive vertices
u and v of P we have c(u) = c(v) (clearly, well-colored path is colored properly in the sense of the usual coloring of
vertices). We call a k-coloring c of G a path k-coloring if for any well-colored path of G we have c(u) = c(v) for all
pairs of distinct vertices u; v in the path. (Note that in such a coloring neighboring vertices are allowed to have the same
color.)
Theorem 1.1 (Klav'zar et al. [4]). Let G be a connected graph on at least three vertices. Then G is S-composite if and
only if there exists a path k-coloring of G with 26 k6 |V (G)| − 1.
We shall call a path k-coloring trivial if k=1 or k= |V (G)|. In this paper we use Theorem 1.1 to prove some structural
characterizations of basic S-prime graphs, with which we can answer (at least to some extent) the problem above. In
particular, many in6nite families of basic S-prime graphs can be found using our constructions. Several natural concepts
are introduced using this coloring. First, we introduce so-called u; v-critical graphs which can roughly be described as
S-composite graphs that are not far from S-prime graphs with respect to path k-colorings of these graphs. (Concepts of
critical graphs for some property are common in the study of graph invariants, and have also been used in [1] where
some diAerent coloring of vertices was used). Furthermore, we introduce basic u; v-critical graphs which are u; v-critical
graphs that do not contain as a proper subgraph any basic S-prime graph nor any u; v-critical graph. We also introduce a
similar class of so-called basic weakly u; v-critical graphs. Using these two classes of graphs we prove a characterization
of 2-connected but not 3-connected basic S-prime graphs, using identi6cation of basic (weakly) u; v-critical graphs along
u and v.
The paper is organized as follows. In the next section we introduce u; v-critical and weakly u; v-critical graphs (u; v∈
V (G)). We will 6nd some examples of these classes, and present three possible ways by which they construct into S-prime
graphs. We use these constructions in the third section where a characterization of basic S-prime graphs with connectivity
2 is proved. Similar approach is then used in a characterization of general basic S-prime graphs. In Section 4 we obtain
a characterization of a certain subclass of weakly u; v-critical graphs which is then used in producing more examples of
these graphs. Also this enables us to construct a basic S-prime graph with arbitrarily large diameter. In the last section,
simple S-prime graphs and simple weakly u; v-critical graphs are introduced, and the concept of extension is de6ned using
these two classes. These concepts are then used in another characterization of basic S-prime graphs. Finally, we present
examples of simple S-prime graphs and simple weakly u; v-critical graphs.
2. The construction of basic S-prime graphs from S-composite graphs
Denition 1. A graph G is called (S-composite) u; v-critical if G is S-composite and G has two special vertices u; v such
that for any nontrivial path k-coloring c of G we have
(A) c(u) = c(v) and
(B) there exists
(B.1) a well-colored path from u to a vertex of color c(v)
and
(B.2) a well-colored path from v to a vertex of color c(u).
G is called (S-composite) weakly u; v-critical if we change the above de6nition in (B), so that (B.1) or (B.2) is true,
and G is not u; v-critical.
B. Bre$sar /Discrete Mathematics 282 (2004) 43–52 45
Note that because of the last condition in the above de6nition these two classes are disjoint. Thereby, in weakly
u; v-critical graphs only one of (B.1), (B.2) holds in at least one coloring c of G. Lemma 2.1 will tell us that vertices u
and v have in some sense the same role in such graphs.
Let H; K be nontrivial graphs. For a 6xed vertex a∈V (H) the K-layer is the subgraph Ka of H K , induced by
vertices of {(a; x)|x∈V (K)}. Analogously we de6ne H -layers. Using this terminology we could de6ne S-composite
graphs as graphs representable as subgraphs of H K which intersect at least two H -layers and at least two K-layers.
We can also use layers to present a path k-coloring of an S-composite graph G embedded as a subgraph into H K .
Namely, we give the same color precisely to all vertices of the same H -layer (or K-layer), and color the vertices of G
accordingly. It is obvious that these are indeed two diAerent (nontrivial) path k-colorings of G. We call them H -layer
(respectively K-layer) path coloring of G with respect to graphs H; K . On the other hand, it is also clear that for any
path k-coloring c (with 26 k6 |V (G)| − 1), there exist two nontrivial graphs H; K , having G as a subgraph of H K
such that precisely all vertices of each K-layer (or H -layer) have the same color with respect to c.
Lemma 2.1. If G is a weakly u; v-critical graph then there exist nontrivial path k-colorings c and c′, such that in c
there is a well-colored path from v to a vertex of color c(u), and no well-colored path from u to any vertex of color
c(v), while in c′ there is a well-colored path from u to a vertex of color c′(v), and no well-colored path from v to any
vertex of color c′(u),
Proof. By de6nition of weakly u; v-critical graphs, there exists a nontrivial path k-coloring c such that only one of the
two assertions (B1), (B2) is true. We may assume, without loss of generality, that in c there is a well-colored path P
from v to a vertex x with color c(u), and there is no well-colored path from u to any vertex with color c(v). Hence to
prove the lemma we only need to 6nd a coloring c′ with the properties as in the formulation of the lemma.
Let H and K be graphs such that c is a H -layer path coloring of G with respect to the embedding of G into H K .
Thus vertices of P are all in the same K-layer, and layers Hx and Hu coincide.
Suppose 6rst that in G there is a path in Hx between x and u. Then in the K-layer path coloring c′ of G with respect
to H K there is a well-colored path between u and x where c′(x) = c′(v). If in c′ there is no well-colored path from v
to a vertex of color c′(u) then we are done. So, suppose there is a well-colored path from v to a vertex of color c′(u)
which we call z. Then Kz=Ku. Since in c there is no well-colored path from u to z we infer that Kz∩G is not connected.
Let C be a connected component of Kz ∩ G that contains u (clearly, z ∈ C). De6ne a coloring c′′ obtained from c′
such that vertices of C get a new color, and the rest of c′ is not changed. Note that the set of well-colored paths is the
same in c′′ as in c′. It is thus clear that c′′ is a path k-coloring where k is larger by one from the number of colors
needed in c′. Thus if k + 1¡ |V (G)|, we are done since c′′ is a nontrivial path k-coloring where there is a well-colored
from u to a vertex of color c′′(v), and no well-colored path from v to a vertex of color c′′(u). We deal now with the
case k = |V (G)| − 1. Thus in c′ all vertices except two are colored with diAerent colors. The vertices colored with the
same color can only be z and x, and they must be adjacent (otherwise because of connectedness of G there would be
a well-colored path between them, hence c′ would not be a path k-coloring). But then in c there is a well-colored path
between u and a vertex of color c(v), namely z, a contradiction.
Second case is that in G there is no path in Hx between x and u. Then Hx ∩G is disconnected. Then we can de6ne the
following coloring obtained from c. Add a new color to the range of c, and change c only in the connected component of
Hx ∩G that contains u, so that all vertices of this component get the new color. This is a path l-coloring from which we
would derive that G is not weakly u; v-critical, hence this cannot happen unless l= |V (G)|. But this is again impossible,
because then in c there would be a well-colored path between u and x with c(u) = c(x).
Lemma 2.2. If G is a (weakly) u; v-critical graph then for any nontrivial path k-coloring of G there is no well-colored
path from u to v.
Proof. Suppose there is a well-colored path from u to v in a nontrivial path k-coloring c of G. Let H and K be graphs
such that c is a H -layer path coloring of G with respect to the embedding of G into H K . We derive that u and v are
in the same K-layer, thus in the corresponding K-layer path coloring c′ of G we have c′(u)= c′(v). Since c′ is nontrivial
this is a contradiction with (A) of De6nition 1.
Let G1 and G2 be nontrivial graphs, and in each Gi we choose two vertices which we call a and b. We say that G is
obtained by an a; b-identi5cation from the graphs G1 and G2 if G is obtained as a union of graphs G1; G2 in which we
identify both vertices called a; and both vertices called b. Obviously, vertices a and b present a cutset of G, that is the
removal of these two vertices disconnects the graph.
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Proposition 2.3. If G is obtained by a u; v-identi5cation from a u; v-critical graph G1 and a weakly u; v-critical graph
G2 then G is an S-prime graph. If, in addition, G1 and G2 contain no proper S-prime subgraphs on at least three
vertices, and no proper u; v-critical subgraphs, and G2 contains no proper weakly u; v-critical subgraphs, then G is a
basic S-prime graph.
Proof. The 6rst part of the proposition is easy. Let c be a path k-coloring of G. By De6nition 1(A) which holds for both
G1 and G2, if c(u) = c(v), we derive that the colorings of both subgraphs must be trivial, hence k =1, and c is trivial. If
c(u) = c(v) then in G2 there is a well-colored path from either u to a vertex of color c(v) or v to a vertex of color c(u).
Clearly we can proceed this path in G1 so that the path we obtain is well-colored, and its ends are colored with the same
color. Thus c is not a path k-coloring, and by Theorem 1.1 we conclude that G is S-prime.
For the proof of the second part assume that G has a proper subgraph H which is S-prime. Obviously H * G1 and
H * G2, since G1 and G2 contain no S-prime subgraphs. Furthermore, if H included just one of u; v then this would be a
cutvertex, thus H would be S-composite. Thereby H must include both u and v, and we must have V (H)∩(V (Gi)\{u; v}) =
∅ for i = 1; 2. Now, let us suppose that H does not include the whole G2. We denote H2 = H ∩ G2; and H1 = H ∩ G1.
Note that H2 is S-composite, and not weakly u; v-critical nor u; v-critical. Therefore one of (A), (B) does not hold in H2.
First, if (A) is violated in H2, there exists a nontrivial path k-coloring of H2 such that u and v are colored with the same
color. Then one can color the rest of H in such a way that all vertices get the same color as u and v; and clearly this is
a path k-coloring of H . Secondly, if (B) is violated in H2, there exists a path k-coloring c of H2 such that there is no
well-colored path from u (resp. from v) to a vertex of color c(v) (resp. c(u)). We can then color the rest of H in the
same way as the path k-coloring of G1 using diAerent colors than in H2. By Lemma 2.2 there is no well-colored path
from u to v, hence there can be no well-colored path between vertices of Hi which would lie outside Hi (i=1; 2). Hence
with this coloring H is S-composite, so we have proved that H must include G2. If H did not include entire G1 then
H1 would be S-composite and not u; v-critical. Thereby for any path k-coloring of H1, for at least one of u; v there is no
well-colored path to a vertex of color c(v); resp. c(u): As G2 is weakly u; v-critical we can color it using Lemma 2.1 in
such a way that H is S-composite. The proof is complete.
Proposition 2.3 suggests a construction of new examples of S-prime graphs. Moreover, we could construct also new
basic S-prime graphs, by knowing the examples of special u; v-critical graphs, described in the second part of the theorem.
Thus the following de6nitions are relevant. We say that a graph G is basic u; v-critical if G is S-composite u; v-critical
that has no S-prime subgraphs and also no proper u; v-critical subgraphs. We call an S-composite weakly u; v-critical graph
G which has no S-prime subgraphs, no u; v-critical subgraphs, and no proper weakly u; v-critical subgraphs, basic weakly
u; v-critical graph. In the next result we shall reformulate Proposition 2.3 according to the new terminology, and add a
new constructive results for u; v-critical graphs. The proof of the second result is similar to the proof of Proposition 2.3,
while combination of both results gives us the third one.
Proposition 2.4. (i) If G is obtained by a u; v-identi5cation from a basic u; v-critical graph G1 and a basic weakly
u; v-critical graph G2 then G is a basic S-prime graph.
(ii) If G is obtained by a u; v-identi5cation from two basic weakly u; v-critical graphs then G is a basic u; v-critical
graph.
(iii) If G is obtained by a u; v-identi5cation from three basic weakly u; v-critical graphs then G is a basic S-prime
graph.
In Fig. 1 we see three basic weakly u; v-critical and two basic u; v-critical examples, and all possible combinations of
construction of basic S-prime graphs by u; v-identi6cation (note that vertices u and v are 6lled). It is straightforward to
check that the graphs indeed belong to these classes. The graph H1 is an example of a basic u; v-critical graph which
is not obtained by the construction from Proposition 2.4(ii). In the example in Fig. 2 we see that a u; v-critical graph
H2 and a weakly u; v-critical graph H ′ can give two nonisomorphic basic S-prime graphs using the construction from
Proposition 2.4.
All examples of basic u; v-critical graphs that we found include a weakly u; v-critical subgraph. If there would exist a
basic u; v-critical graph without any such subgraph we would have another constructive result. Unfortunately, we can only
prove the following
Proposition 2.5. If there exist basic u; v-critical graphs which have no weakly u; v-critical subgraph, and G is obtained
by a u; v-identi5cation from two such graphs, then G is a basic S-prime graph.
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Fig. 1. Construction of basic S-prime graphs.
Fig. 2. One pair, two basic S-prime graphs.
3. The characterizations
A cutset C of a connected graph G is a set of vertices in G such that V (G) − C induces a disconnected graph. We
denote by X1; X2; : : : ; Xn the connected components of G − C, and we call subgraphs G1; G2 : : : ; Gn induced by vertex
subsets V (Xi) ∪ C; parts of G − C. A connectivity (G) of a graph G is the minimum cardinality of any cutset of G.
Theorem 3.1. Let G be a graph with connectivity 2, having a cutset of nonadjacent vertices u and v. Then G is a basic
S-prime graph if and only if G-{u; v} has either
(i) two parts, one a basic u; v-critical graph, and the other a basic weakly u; v-critical graph, or
(ii) two basic u; v-critical parts which have no weakly u; v-critical subgraphs, or
(iii) three basic weakly u; v-critical parts.
Proof. We only need to prove the “only if” direction (the “if ” direction is Proposition 2.4). First, if one of the parts of
G − {u; v} is neither u; v-critical nor weakly u; v-critical, it is not hard to obtain a path k-coloring of G such that G is
S-composite (similarly as in the proof of Proposition 2.3).
Suppose that G-{u; v} has two parts. If none of them is u; v-critical, G is again S-composite. Therefore, one part is
u; v-critical, and the other must then be weakly u; v-critical or u; v-critical. Since G includes no S-prime subgraphs, both
parts must not include any u; v-critical subgraphs, the second one also no weakly u; v-critical ones. Thus one of (i) or (ii)
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Fig. 3. Edge u; v-critical graphs.
of the theorem occurs. If G-{u; v} has three parts the arguments are similar. For the proof that there cannot be more than
three parts we note that any triple of (weakly) u; v-critical graphs which we identify in u; v is S-prime, and therefore is
an S-prime subgraph of such a graph.
Note that the existence of graphs with property (ii) of the above theorem is not known, so it is possible that this part
could be left out from the theorem.
The general case of basic S-prime graphs seems to be a harder problem. Among 3-connected basic S-prime graphs
we were only able to 6nd K3 and a graph from [6, Fig. 2]. However, we can also obtain a general result in a similar
way as above. We say that a graph G with vertices u1; u2 is edge u1; u2-critical if for any path k-coloring c of G we
have: if c(u1) = c(u2) then c(x) = c(u1) for all x∈V (G); and if c(u1) = c(u2) then there exists a color  such that for
both i = 1; 2 there is a well-colored path from ui to a vertex of color  (including the case when the well-colored path
is of length 0, that is consists only of vertex ui which is colored by ). Note that edge u; v-critical graphs include both
classes of u; v-critical and weakly u; v-critical graphs. The graph in Fig. 3 is not in any of both classes but is an edge
u; v-critical graph. The coloring of vertices shows that it is not (weakly) u; v-critical. Like in previous de6nitions, we call
an edge u1; u2-critical graph, which has no proper edge u1; u2-critical subgraphs and no S-prime subgraphs, a basic edge
u1; u2-critical graph.
Theorem 3.2. A graph G is a basic S-prime graph if and only if for any edge uv, G − uv is a basic edge u; v-critical
subgraph.
Proof. Directly by using the de6nitions of basic S-prime graph and basic edge u; v-critical graph.
Theorem 3.2 has no immediate constructive consequences, but we shall see in the last section that we can use a similar
idea to 6nd some new basic weakly u; v-critical graphs.
4. Constructing basic weakly u,v-critical graphs
Using Proposition 2.4(ii) one can obtain basic u; v-critical graphs by constructing them from known basic weakly
u; v-critical graphs. Now we will show that a sort of reverse operation is possible. We construct a basic weakly u; w-critical
graph from a basic u; v-critical graph G by adding a new vertex w and an edge vw. Moreover, this holds in both directions
as the following theorem shows.
Theorem 4.1. A graph G with a vertex w of degree 1 which is adjacent to v, is (basic) weakly u; w-critical if and only
if G-w is (respectively basic) u; v-critical.
Proof. First, let G be weakly u; w-critical. Let c be any nontrivial path k-coloring of G−w, Suppose c(u)=c(v). Then we
could extend the coloring c to G by setting c(w)=c(v), and thus obtain a nontrivial path k-coloring for G, a contradiction
with (A) of De6nition 1, which thus holds also in G − w.
Suppose that there would exist a path k-coloring of G − w such that there would be no well-colored path from u to a
vertex of color v. Then we could extend this coloring to G by c(w)= c(v). Since then there is no well-colored path from
w to a vertex of color c(u), we have the situation that (B.1) and (B.2) are both wrong, thus G would not be weakly
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Fig. 4. Construction of a basic S-prime graph.
u; w-critical. If we suppose that there is a path k-coloring coloring of G−w such that there is no well-colored path from
v to a vertex of color c(u) then in G we could obtain a corresponding coloring by setting c(w) = c(u) thus violating (A)
of De6nition 1. We conclude that G − w is u; v-critical.
For the converse let G−w be u; v-critical. Suppose that c is a path k-coloring of G such that c(u)=c(w). Note that this
is also a path k-coloring of G−w. If c(v) = c(u) then in G−w we have a well-colored path from v to a vertex of color
c(u). Hence in G we obtain a well-colored path from w to a vertex of color c(u) which is equal c(w), a contradiction.
Therefore, c(v) = c(u) and (A) follows for G. If c(u) = c(w) then we have two possibilities. First, if c(w) = c(v), there
is obviously no well-colored path from w to a vertex of color c(u) (this coloring assures that G is not u; w-critical).
Secondly, if c(w) = c(v) then again two cases occur. If c(v) = c(u) then by (A) all vertices of G − w have the same
color, thus there is a well-colored path from w a vertex of color c(u) (namely v). But if c(v) = c(u), there is also a
well-colored path from w to a vertex of color c(u) (we obtain this path from a well-colored path from v to a vertex of
color c(u) which exists since G − w is u; v-critical).
If G is a basic weakly u; w-critical graph, then for any subgraph H of G there exists a path k-coloring c of H such that
for vertices u; w either (A) is wrong or both (B.1) and (B.2) are wrong. In the 6rst case H−w is not u; v-critical, because
(A) or (B.2) is violated by the corresponding coloring (depending on the color of v). In the latter case we observe that
at least one of (B.1) or (B.2) is violated in H − w. We conclude that G − w is basic weakly u; v-critical.
If G−w is a basic u; v-critical graph, then for any subgraph H (with vertices u; w) of G there exists a path k-coloring
c of H −w such that at least one of assertions (A), (B.1) or (B.2) is violated for u; v. If (A) is wrong then in G we set
c(w) = c(v), obtaining a path k-coloring such that (A) is wrong also in H for vertices u; w. If (B.1) is violated in H −w
then by setting c(w) = c(v) both (B.1) and (B.2) are violated, thus H cannot be weakly u; w-critical. If (B.2) is wrong,
then we set c(w) = c(u), so again (A) is violated in H . The proof is complete.
The above theorem in combination with Theorem 3.1 implies various possibilities for constructing basic S-prime graphs.
One of such examples in Fig. 4 shows how a recursive repetition of these constructions from a basic u; v-critical and
a basic weakly u; v-critical graph produces new examples of basic u; v-critical graphs, and thus also new basic S-prime
graphs. In each step we make a u; v-identi6cation of a P3 with a basic weakly u; v-critical graph, obtaining the basic
u; v-critical graph, and then add a pendant edge (marked by a heavy line) in the sense of Theorem 4.1. From that example
we also see, that one can construct a basic S-prime graph with diameter as large as one wants (the last graph in Fig. 4
is obtained by a u; v-identi6cation with P3, and has diameter 4). This fact has not yet been known.
5. Simple S-prime graphs
In this section we summarize the preceding results in the form of a new result by using two new concepts of simple
S-prime graphs and extensions. The following result can be deduced from Theorem 3.1, and is also of some independent
interest. (Recall that by a part we mean a subgraph induced by a union of a cutset and one of the corresponding
components.)
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Proposition 5.1. Let G be a graph with a cutset of nonadjacent vertices u; v such that a part X of G − {u; v} is
isomorphic to P3, and let H be the connected component corresponding to X . Let G′ be a graph obtained from G by
replacing X with any basic weakly u; v-critical graph (or any basic u; v-critical graph which has no weakly u; v-critical
subgraphs). Then
(i) G′ is basic S-prime if and only if G is basic S-prime.
(ii) G′ is basic a; b-critical if and only if G is basic a; b-critical (a; b∈V (G)− V (H)).
(iii) G′ is basic weakly a; b-critical if and only if G is basic weakly a; b-critical (a; b∈V (G)− V (H)).
The above result has a constructive potential. A constructive step in which we change P3 with some other basic weakly
u; v-critical graph will be called an extension. More precisely, we obtain a new graph from the old one so that we delete
the central vertex of P3, and then proceed with the u; v-identi6cation (where u; v are the pendant vertices of P3) of the
resulting graph with any basic weakly u; v-critical graph. (Note that this is a local operation that has no eAect on the
rest of the graph.) The natural question arises, which basic S-prime graphs are minimal in the sense that they cannot be
obtained from a smaller such graph by changing P3 with some other basic weakly u; v-critical graph. Let us 6rst formally
de6ne these graphs. It turns out that similar de6nitions for (weakly) u; v-critical graphs are relevant. Namely, we will
prove that only so-called simple weakly u; v-critical graphs suSce in the process of extension to get all basic S-prime
graphs. The latter is the main result of this section.
Denition 2. (i) A basic S-prime graph G is called a simple S-prime graph if one of the 3 cases occur:
• G is 3-connected,
• G is K2;3,
• (G) = 2 and for nonadjacent vertices a; b which form a cutset of G, G − {a; b} has two connected components, one
of which has just one vertex.
(ii) A basic u1; u2-critical (respectively basic weakly u1; u2-critical) graph G is called a simple u1; u2-critical (respectively
simple weakly u1; u2-critical) graph if
(P) for any cutset of vertices a; b, and any component H of G-{a; b} which contains none of the vertices ui (i= 1; 2),
and the part corresponding to H is weakly a; b-critical (or a; b-critical without weakly a; b-critical subgraphs), then H has
just one vertex.
Denition 3. A graph G′ is obtained from G by an extension if G has a cutset of vertices u; v such that one of its parts
is P3; and G′ is obtained from G by replacing this part with any simple weakly u; v-critical graph (or a simple u; v-critical
graph without weakly u; v-critical subgraphs).
Let G1; G2; : : : ; Gk be graphs, such that Gi+1 is obtained from Gi (for all i = 1; : : : ; k − 1) by an extension. Then for
any i, where 16 i6 k, we say that Gi is obtained from G1 by a sequence of extensions.
Note that the existence of a simple u; v-critical graph without weakly u; v-critical graphs is not known, so we might
remove the corresponding part in the above de6nition. (Let us note here that the concept of expansion of graphs has been
considered in a very broad context in [7]; extension de6ned here has at least a similar Tavor.)
Theorem 5.2. G is a basic S-prime graph if and only if it can be obtained from a simple S-prime graph by a sequence
of extensions.
Proof. If G is obtained by a sequence of extensions from a simple S-prime graph then by applying Proposition 5.1(i) for
each extension in the sequence we deduce that G is a basic S-prime graph.
For the converse, if G is a simple S-prime graph, there is nothing to prove. If not, then G has a cutset of vertices
u; v such that one of the parts G1 of G-{u; v} which is weakly u; v-critical is not isomorphic to P3 (or there exists a
u; v-critical part G1 which has no weakly u; v-critical subgraphs). By Theorem 3.1, G1 is basic weakly u; v-critical (or
basic u; v-critical without weakly u; v-critical subgraphs). If G1 is a simple weakly u; v-critical (or simple u; v-critical
without weakly u; v-critical subgraphs), then by replacing this part to P3 we obtain a basic S-prime graph with less
vertices than G and we are done by induction. Otherwise, by the de6nition G1 must have a cutset of vertices a; b such
that G1-{a; b} has a weakly a; b-critical part (or an a; b-critical part without weakly a; b-critical subgraphs) which is
not isomorphic to P3, and lies in G1. Let G11 be the smallest among such parts in G1. If G11 is not a simple weakly
a; b-critical graph (or a simple a; b-critical graph without weakly a; b-critical subgraphs), we infer that it contains a weakly
c; d-critical graph (or a c; d-critical graph without weakly c; d-critical subgraphs), a proper subgraph of G11, for two
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Fig. 5. Simple weakly u; v-critical graphs.
vertices c; d∈V (G11) which form a cutset in G. Since it has less vertices than G11, this is a contradiction to minimality
of G11. Thus G11 is simple weakly a; b-critical (or simple a; b-critical graph without weakly a; b-critical subgraphs) and G
can be obtained by an extension from a smaller graph, obtained by replacing G11 with P3. The induction completes the
proof.
This theorem somehow extends the characterization from [6] which bases on the de6nition of basic S-prime graphs. We
now only need to 6nd those basic S-prime graphs whose all cutsets of two nonadjacent vertices have two components,
one of which is singleton. These graphs form building blocks, together with all simple weakly u; v-critical graphs (and
possibly simple u; v-critical graphs which have no weakly u; v-critical subgraphs), from which one can obtain any basic
S-prime graph with connectivity 2. By de6nition of simple S-prime graphs, if such a graph is 2-connected with cutset
{u; v} then one connected component of G-{u; v} must be a single vertex, and the corresponding part is P3, hence the
other part must be a simple u; v-critical graph. Thus we derive the following useful result.
Corollary 5.3. A graph G is simple S-prime with connectivity 2 if and only if it is K2;3, or it is obtained by a
u; v-identi5cation from a simple u; v-critical graph and P3.
At present we know of 6ve simple S-prime graphs; two 3-connected examples: K3 and the graph from [6, Fig. 2], K2;3,
and graphs obtained from H1 (Fig. 1) and H2 (Fig. 2) using the above corollary.
Examples of simple weakly u; v-critical graphs, are immediately obtained from simple u; z-critical graphs by adding an
edge (using Theorem 4.1). We know of eight such examples, one obtained from C4, three from the previously mentioned
simple S-prime graph, which is obtained from H1, and four from the simple S-prime graph, which is obtained from H2.
As mentioned in Section 3, the idea from Theorem 3.2 can help us in 6nding new examples of basic weakly u; v-critical
graphs. The proof of the following result is easy, and follows from the de6nitions and previous results.
Corollary 5.4. Let G be a simple S-prime graph, and uv∈E(G). If G-uv is weakly u; v-critical then it is simple weakly
u; v-critical.
For most simple S-prime graphs that we examined turned out that G − uv is weakly u; v-critical hence we can expect
many examples to arise using the above corollary. In Fig. 5 we show such examples (they are obtained with edge-deletion
from two simple S-prime graphs, obtained from graphs H1 and H2). Altogether with P3 and the eight examples from
above, we know of 21 simple weakly u; v-critical graphs.
We conclude with open problems:
Problem 1. Find more examples of simple S-prime graphs (in particular, are there more than two 3-connected simple
S-prime graphs). Is the number of such graphs 6nite?
Problem 2. Find more examples of simple weakly u; v-critical graphs. Is the number of such graphs 6nite?
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